A Numerical Study of Global Bifurcations in

Chemical Dynamics

Global bifurcations are frequently encountered in the dynamic behav-
ior of chemically reacting systems and their models. They cause dra-
matic qualitative changes in the system response, such as the birth and
death of oscillations and even the onset of chaos. They involve entire
regions of the system phase space, and due to their nature they are in
general not predictable by standard local bifurcation methods, analyti-
cal or numerical. Special methods and algorithms must therefore be
developed to locate and analyze them in parameter space. This paper
presents such methods and algorithms and illustrates them through
standard chemical engineering examples. Test cases inciude lumped
chemical reactor models (homogeneous and heterogeneous, autono-
mous and periodically forced), a problem of compressible gas flow in
porous media, and a case of two coupled oscillators. The phenomena
discussed include infinite-period bifurcations, saddle connections, fre-
quency locking, and the creation and extinction of multifrequency
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responses through global manifold interactions (homoclinic tangles).

Overview

Chemically reacting systems and their models are known to
exhibit a fascinating variety in their dynamic behavior, includ-
ing multiple steady states and several types of periodic and ape-
riodic oscillations (Pismen, 1980). Such phenomena are caused
by their inherent nonlinearities, the most common of which is
the Arrhenius temperature dependence of the reaction rate. Any
systematic effort to understand, analyze, and potentially exploit
this behavior involves a detailed numerical or experimental
search in operating parameter space, trying to locate critical
parameter values for which a dramatic change (a bifurcation)
occurs in the system dynamics. If this search is performed exper-
imentally, or through simple computer simulation (i.e., by solv-
ing the initial-value problem), only stable, attracting states will
be observed. Such states are stable to infinitesimal perturbations
(locally stable), but it is quite possible that finite perturba-
tions—whether computational or experimental-—may destabil-
ize them, and the system will eventually end up at some other
state. A typical example is a continuous stirred-tank reactor
(CSTR) in the regime where three steady states, two of them
stable, coexist (Uppal et al., 1974, 1976). Unless a large number
of initial conditions are tried for the same values of the operating
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parameters, one can never be absolutely sure of the global pic-
ture, that is, of all possible fates of all possible trajectories for
the system.

If numerical methods of bifurcation theory are used, includ-
ing continuation of solutions in parameter space and the compu-
tational location of both stable and unstable trajectories, the
linearization around the located solution usually yields a quanti-
tative description of its local stability (Iooss and Joseph, 1980;
Guckenheimer and Holmes, 1983). A number of general-pur-
pose bifurcation codes have become available during the last
decade and have been successfully applied to models of reacting
systems. Examples are AUTO (Doedel, 1981), DERPAR (Ku-
bicek and Marek, 1983) and BIFOR2 (Hassard et al., 1981). In
a one-parameter search such codes detect critical values for
which a solution branch loses stability; they search for and
switch on the new, bifurcating branch of solutions that usually is
born there. The existence of multiple attractors may thus be pre-
dicted systematically, especially in multiparameter searches and
through methods such as singularity theory (Balakotaiah and
Luss, 1982; Pismen, 1986; Golubitsky and Schaeffer, 1985;
Farr and Aris, 1986). These local bifurcations are signalled by
a change in the nature of the linearization of the system equa-
tions close to the located solution or, in the case where the linear-
ization fails, of higher derivatives again close to this solution.

We are concerned in this paper with a number of transitions
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in the dynamic behavior of reacting systems—and more gener-
ally, dynamical systems—capable of causing dramatic changes
in the observable system behavior but intractable by traditional
local bifurcation methods and algorithms. It is well known that
when two stable steady states coexist for a CSTR, a third, sad-
dle-type steady state also exists, and it lies on a separatrix, that
is, a special set of initial conditions that constitute the boundary
of the basins of attraction of the two stable steady states: they
separate the initial conditions that eventually end up on one sta-
ble state from those that will be attracted to the other. It is inter-
esting that global bifurcations often involve precisely such sepa-
ratrices. Since they occur over entire regions of phase space and
not just in the neighborhood of a single solution, they cannot be
revealed by the linearization or a few derivatives of the system
equations around that solution. While some of the concepts
involved, along with certain implications for the system dy-
namics, may sometimes appear esoteric to the nonmathemati-
cian, the phenomena are by no means rare or difficult to observe
in the dynamics of chemically reacting systems.

Our main task is to present a number of computational meth-
ods and algorithms for the accurate location of a number of
global bifurcations in the parameter space of nonlinear systems.
Our examples have been chosen so as to point out that such phe-
nomena are ubiquitous even at the simplest modeling level of
reactor dynamics. Test cases include infinite-period bifurcations
for a homogeneous autocatalytic as well as a heterogeneous cat-
alytic lumped reactor, a heteroclinic saddle connection for a
problem of compressible gas flow in porous media, and a case of
two coupled oscillators. All these models involve two coupled
nonlinear ordinary differential equations (ODE’s). We also ex-
amine certain global bifurcations that occur in higher dimen-
sional systems; more specifically, we study the creation and
extinction of multifrequency oscillations through frequency
locking and global manifold interactions. We use a periodically
forced autocatalytic reaction (a Brusselator) to illustrate these
phenomena, and we present some interesting features of the
structure of resonances and representative pictures of homo-
clinic tangies. We discuss the apparent similarities and differ-
ences of these phenomena with the corresponding phenomena in
two-dimensional systems. We also discuss some interesting
interactions between computational and experimental work and
we conclude with some comments on the direction of computa-
tional research on global dynamical phenomena.

I: Systems with Two Degrees of Freedom

introduction

Every chemical engineer has observed the sudden death of
limit cycle branches in the now classical analysis of the
dynamics of the CSTR by Uppal et al. (1974, 1976). This phe-
nomenon is different from both a typical Hopf bifurcation and a
turning point on a branch of limit cycles where two oscillations,
one stable and one unstable, collide and disappear (Iooss and
Joseph, 1980). It is a particular case of the so called infinite-
period bifurcation. A saddle-type unstable steady state essen-
tially collides with the limit cycle, and that marks the end of the
limit cycle branch.

This is probably the simplest occurrence of homoclinicity, and
it has been known since the 19th century. Bendixson (1901) and
Dulac (1923) analyzed it, and the work of Andronov and Leon-
tovic (1971) on this subject for two-dimensional systems is

AIChE Journal

November 1987

definitive. Even though such bifurcations involve a saddle-type
steady state, they cannot be detected through the local informa-
tion (e.g., linearization) around this steady state. Local informa-
tion constitutes the foundation of the analytical and numerical
bifurcation analysis of systems of ordinary differential equa-
tions (location, continuation, and stability determination for
steady state branches, direction and stability of limit cycle
branches, etc.) as seen for example in Guckenheimer and
Holmes (1983) or Iooss and Joseph (1980).

This part of the paper addresses precisely the need for algo-
rithms designed to locate such global phenomena. Two distinct
algorithms for two-dimensional systems are presented. The first
is a natural extension of a recent algorithm for the computation
of invariant circles of maps (Kevrekidis et al., 1985) and is used
to study the death of a limit cycle branch of the Gray-Scott
autocatalytic model. The second algorithm is our implementa-
tion of a procedure described by Hassard (1980) and is applied
to a surface reaction model. We discuss the similarities and dif-
ferences of the two algorithms, and show how to modify them so
as to compute heteroclinic saddle connections. We illustrate this
modification through a nonlinear eigenvalue problem resulting
from compressible gas flow in a porous medium. We then dis-
cuss briefly the annihilation of a limit cycle by the appearance of
a saddle node (a marginally stable steady state) on it. This case
is remarkably similar to frequency locking on a torus. We
describe such higher dimensional phenomena in part II, below.

Invariant Curve Method
Gray-Scott scenario

In recent papers Gray and Scott (1983, 1984) have studied
the dynamics of the autocatalytic reactions 4 — B with rate
proportional to [ 4] [B]” in an isothermal CSTR. We are inter-
ested in the cubic irreversible autocatalysis scheme

A+2B—3B, B—~C 1)
for which the open CSTR rate equations become

dxfdt = —kxy*+0(1 —x)
dy/dt = kxy*+0(yo—y) —y ey

where x and y are the dimensionless concentrations of species 4
and B, respectively, k is the reaction rate, and 6 = 1/7, the
inverse of the residence time. We examine a feature of the bifur-
cation diagram obtained for y, = Yis and k = 40 as 6 varies. At
# = 0.3 the system of Egs. 2 has a unique stable focus in its phase
plane, Figure la. At 8 = 0.19568172 this steady state undergoes
a Hopf bifurcation, loses stability, and gives birth to a stable (at-
tracting) limit cycle, Figure 1b. The limit cycle grows as we
decrease 0, and every trajectory on the phase plane—except for
the one starting precisely at the unstable steady state—becomes
eventually attracted to the limit cycle. The stability of this oscil-
lation is quantified by its characteristic (Floquet) multipliers,
one of which remains pinned at 1 while the other, being also 1 at
the Hopf bifurcation, becomes less than 1 as we decrease 6. At
6 = 0.12876385 a qualitative change occurs on the phase plane:
a saddle-node (turning point) bifurcation occurs in the interior
of the limit cycle, and two new steady states, a stable node and a
saddle, come into play. They move apart as 8 decreases further.
The situation is illustrated in Figures l¢ and 1¢ for 6 =
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Figure 1. Phase plane details of an infinite period bifurca-
tion of the Gray-Scott ‘‘autocatalator.”

0.128751. Three steady states exist: a stable node SV, a saddle
S, and an unstable focus UF. All three are surrounded by a sta-
ble limit cycle LC. Two attractors, the stable node and the stable
limit cycle, coexist, and we locate the basins of attraction for
cach of them (i.e., the sets of initial conditions that are attracted
to each one). Observe the line segments SA, SB, SC, and SD
that emanate from the saddle S. SC and SD consist of points
(x, y) such that ¢,(x, y) — S as 1 — o, where ¢, (x, y) is the
result of integrating the system of Eqs. 2 with initial conditions
(x, y) for time duration ¢. The set of all such points W* (S) is the
stable manifold of the saddle point S. On the other hand, SA4 and
SB consist of points (x, y) such that ¢,(x,y) — Sast — —c.
The set of all such points is the unstable manifold W*(S) of the
saddle S. By the stable manifold theorem for a fixed point
(Hirsch et al., 1977), at the saddle S each manifold is tangent to
an eigenvector of the linearization of the system of Eqs. 2—the
Jacobian matrix—at S. The stable manifold is tangent to the
eigenvector corresponding to the eigenvalue A, < O, and the
unstable manifold to that corresponding to A, > 0. These are
standard definitions, making our discussion more concise. For
more details on the definitions and the theorems see Gucken-
heimer and Holmes (1983).

Let us now observe the regions of attraction of the limit cycle
and the steady state: SC and SD are both coming near each
other and spiral toward the unstable focus UF. Every point in
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the shaded region they define, Figure 1¢', is attracted to the sta-
ble node SN. Everything outside that region gets attracted by
the limit cycle LC. The two branches of the stable manifold
W*(S) form a separatrix between the basins of attraction of the
two attractors. The two parts of the unstable manifold eventu-
ally become attracted, SA4 by the limit cycle and S8 by the sta-
ble steady state.

As we further decrease 8, the limit cycle develops a “dent”
close to the saddle S. It comes closer and closer to the parts SA
of the unstable manifold and SD of the stable manifold. (Mean-
while, SN has changed to a stable focus SF—A,, A, complex with
negative real part—but it is still attracting, and this does not
affect the phenomenon we are interested in.) The period of the
limit cycle becomes larger, and the phase point spends the larg-
est part of this period in the neighborhood of the saddle. This is
quantified by the second, free, Floquet multiplier, which ap-
proaches zero.

At 8 =0, =0.12874791 a qualitative change occurs. The limit
cycle ceases to exist. It is replaced by a closed loop that consists
of one part (SA) of the unstable manifold, that now coincides
with one part (SD) of the stable manifold. The saddle .S also lies
on this loop. It takes infinite time for a point on S4 to reach §
through SD. We thus say that the limit cycle undergoes an infi-
nite-period bifurcation, Figures 1d and 1d’. This situation is
structurally unstable, meaning that it occurs for only one spe-
cific value in our one-parameter study. For 8 > 8, we have a limit
cycle and a stable steady state, each with its own region of
attraction. For § < 6, we only have a stable steady state. The
whole phase plane (except UF, SC, and SD) gets attracted to it.
At 8 = 6, we say that we have a homoclinic loop because the
stable and unstable manifolds of the same saddle coincide.

For < 6, both parts S4 and SB are attracted by the stable
steady state. Comparing Figures 1¢’ and 1e’ we see that SD was
“inside” SA before the homoclinic loop (8 > 6,), and now is
“outside” it. Figure le (6 = 0.12) shows that a closed loop still
exists in the phase plane. It consists of the two parts of the stable
manifold S4 and SB, and the stable focus SF. This loop may not
be smooth (there is an infinite spiral at SF, and when SF
becomes a stable node at § = 0.09097622 there will be a cusp
there) but its existence is nevertheless crucial to our first algo-
rithm.

Both before and after the homoclinic loop, a closed loop exists
in the phase plane: for 8 > 0, it is the limit cycle; after the homo-
clinic loop (6 < 8,) it is the combination SA(SF)SB. Both are
closed loops and both are invariant under the system equations
(every trajectory that starts on them stays on them for all posi-
tive time). Their fundamental difference is that the limit cycle is
a trajectory of the system of ODE’s, Egs. 2, but the loop
SA(SF)BS is not a trajectory. The limit cycle can be solved for
(along with its period) through shooting or polynomial approxi-
mation methods for boundary value problems (BVP’s) (Doedel,
1981; Seydel, 1981). The loop SA(SF)BS however cannot be
solved in principle as a BVP.

It is possible to formulate a procedure, illustrated in Figures
2a and 2b, that will conceptually converge to both types of
closed loops. Suppose that only a stable limit cycle LC exists in
the phase plane. We consider an infinity of initial conditions
that lie on a closed loop S that surrounds LC. The result of
integrating the system equations, starting from every point on
SO for some time ¢ (the same for all initial conditions)—that is,
constructing the time ¢ return map for each point on S)—will
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Figure 2. Schematic tracking of a one-parameter family
of initial conditions: before (left side) and after
(right-side) occurrence of a homoclinic loop.

be another closed curve S surrounding LC but closer to it.
Repeating this procedure again and again, S® — LC as h — w.
Instead of simply iterating, we can construct a contraction map-
ping (e.g., a Newton-Raphson iterative procedure) to converge
on LC as the circle S—whose image S, obtained by taking
each point on the circle and integrating for time —-coincides
with itself. We have performed such computations for maps
(Kevrekidis et al., 1985), and an example of such a computation
is shown in Figure 3a. It is probably clumsy, or at best equiva-
lent to a multiple shooting method (Schwartz, 1983), to com-
pute a limit cycle this way. Indeed, the power of the procedure
lies in the case of Figure 2b when we are beyond the homoclinic
loop, and the limit cycle does not exist any more. The only exist-
ing loop is the one formed by the unstable manifold of the saddle
SA and SB and the stable steady state SN. Consider again an
infinity of initial conditions lying on the closed loop S, By con-
structing the time ¢ return map for each of these conditions for
some ¢, we obtain another closed loop S®. Proceeding in the
same way to S, S@, etc., we finally converge to the loop
SA(SN)BS. The whole concept lies in iterating the entire S as
a curve. If each point on S@ were left to run forward in time
individually, all except D' that lies on S'D would collapse to SN.
Iterating the closed curve as an entity converges to the loop. As
an alternative to this simple iteration, we have constructed an
algorithm that converges to SA(SN)BS quadratically. There
exist of course issues of discretization and parameterization of
the curve, especially due to the cusp at SN (or the infinite spiral
if we have a focus SF), but these can be considered at this stage
as technical details. The main idea is to consider the fate not
of separate initial conditions, but of whole sets of them that have

3a | 3

0
10 x 1

Figure 3. Limit cycie of the Gray-Scott model.
(a) Obtained as an invariant circle of time ¢ map
(b) Obtained as solution of a shooting algorithm
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some common property (in this case they lie initially on a closed
one-parameter curve).

Description of the algorithm

In order to locate the homoclinic loop, we must compute the
loop itself along with the parameter value 8, for which it occurs.
We are essentially looking for an invariant closed curve (invar-
iant under the time ¢ return map for some ). Such curves exist
both before and after 6,. We have previously described (Kevre-
kidis et al., 1985) an algorithm for finding them: We discretize
say /V points, create the images of the N points, interpolate
between the image points to obtain the image curve, and finally
take the difference between archetype and image curve at the N
discretization points. This procedure results in NV nonlinear cou-
pled algebraic equations with NV unknowns.

In order to locate one special loop, the homoclinic loop, we
must append one extra equation to be solved along with these N
equations. This equation will be used to find the parameter value
6, for which the homoclinic loop occurs. At first sight it may
appear that the special characteristic of the homoclinic loop
from which this extra equation stems is that the saddie S should
lie on the loop. Figure 2b however shows that this happens for all
6 < 6,. At the homoclinic point, and only there, the saddle con-
nection contains a part of the stable manifold of the saddle point.
This dictates that the N + 1 equation must express the condi-
tion:

A point on the stable manifold of the saddle should
lie on the loop at the homoclinic saddle connection.

Approximations to the stable (or unstable, for that matter)
manifolds in the neighborhood of the saddle S can easily be con-
structed. The construction is based on first and higher order
derivatives at the saddle point, and Hassard (1980) gives esti-
mates of the error bounds as higher order terms are used. The
simplest construction is to compute the eigenvectors at the sad-
dle point and use some point on them. (This is a first-order
approximation to the manifolds, based on the stable manifold
theorem.) If we adopt this construction for simplicity, our proce-
dure should be as follows:

1. Guess a discretization 5?) (i=1,2,....N,x; = xp,y) of
the loop, and a parameter value §V.

2. Find (through an intermediate Newton-Raphson proce-
dure) the saddle point S(9). Construct a point Xg,,(8) that
lies on the stable manifold of S (8.

3. Obtain the images of the time # return map for the points x;
by integrating the system equations with initial conditions x; for
time ¢. Interpolate between them to get the image curve y,.

4. Take the N distances x; — y; as well as the distance
X (0) — Y, where Y is the point on the image curve corre-
sponding to Xg in the particular parameterization we are
using.

5. Require that these NV + 1 distances be zero. This gives N +
1 equations with N + 1 unknowns. Derivatives in the Jacobian
of the Newton method for this set of equations require integra-
tion of variational (for the dy;/dx;) and sensitivity (for the dy;/
36y equations along with the construction of the return map.
The derivatives of the last equation (the V + 1 equation for
Xsu) can be partly computed through higher order local deriva-
tives at the saddle point.

We applied full Newton iteration in our implementation of
this algorithm. The convergence was quadratic, and the results
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Figure 4. Resuits of the invariant circle algorithm.
(a) Converged homoclinic loop
(b) Enlargement of lower righthand corner of (a)
@ ¢ mesh points; <_point on stable manifold of saddle
1% saddle; + centerpoint of polar parametrization

are shown in Figures 4a and 4b. The saddle point and the point
on the stable manifold are also shown. We do not concern our-
selves here with numerical analysis aspects of the algorithm; we
will return to them on another occasion. Suffice it to say that for
this problem, we found it to be remarkably robust to different
(and sometimes poor) discretizations around the saddle point.

Trajectory Method
Problem statement

The algorithm in the previous section was based on locating
an invariant object (a loop), not on locating a trajectory of the
system of ODE’s. It is however possible to formulate the saddle
connection problem so as to end up looking for a trajectory, by
separating it in three stages (Hassard, 1980). It takes infinite
time for a point 4 on the unstable manifold $4 to reach S back-
ward in time, Figures 1d and 1d’; it also takes infinite time for a
point D on the stable manifold SD to reach the saddle forward in
time. However, it takes a finite time for the phase point to travel
from a given point 4 on SA to a given point D on SD. The proce-
dure should now be obvious: since we can approximate the stable
and unstable manifolds in a neighborhood of the saddle, we can
construct points 4 and D on them, respectively. This removes
the “infinite time” singularity at S, and now we can solve with
traditional methods for the trajectory AD. Due to the finite time
between A4 and D, this is a simple boundary value problem. We

now describe our implementation for a heterogeneous catalytic
CSTR.

1854
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Surface reaction scenario

Investigating the simplest reaction rate nonlinearities that
might lead to oscillatory behavior in surface catalytic reactions,
Takoudis et al. (1981) proposed the following mechanism
(where S is a catalytic site):

A + S — AS (adsorbed)

B, + S — BS (adsorbed)

AS +BS +28S—Ct +48
A + B — C (overall reaction) 3)

Gaseous reactants 4 and B flow in a heterogeneous CSTR.
They adsorb and desorb competitively with Langmuir-Hinshel-
wood kinetics, but they also react to product C, which for sim-
plicity is taken to desorb immediately. The reaction mechanism
requires two vacant sites, and if the conversion is small, so as to
consider it differential, or if the gas phase pressures of reactants
A and B are maintained constant, the equations of change
become

daA/dt =oy(l —0,—05) — 70— 0,05(1 — 6, — 03)2
dg/dt = oy(1 — 0, — 05) — v,05 — 0,051 — 0, — 03)2 4

5a Se

= /{\
°u/ / 3
N
sd 7 59
;’g tC J2
A
° d(l,) CA
/s
T
1.%‘0 Oap O 05

Figure 5. (a)-(f) Surface reaction homocilinic ioop.
(g) Mustration of the double-shooting aigo-
rithm.

AIChE Journal



where 8, and @, are surface coverages (submonolayer) of
adsorbed A and B, «, and «, are dimensionless gas phase pres-
sures of 4 and B, respectively, and v, and v, are dimensionless
desorption rates.

We are concerned with a feature of the bifurcation diagram
of the system of Egs. 4 obtained for v, = 0.001, v, = 0.002, and
a, = 0.025 as a, is varied. Starting at «, = 0.029, the system of
Eqgs. 4 has three steady states: one stable node SN, one unstable
saddle S, and a stable focus SF, Figure 5. The two arms SC and
SD of the stable manifold of the saddle S create a separatrix
between the basins of attraction of the stable steady states SN
and SF. The two arms of the unstable manifold are attracted to
these stable states, SB to SN and SA to SF. There is a Hopf
bifurcation at a, ~ 0.029469 and the stable focus loses stability,
shedding a stable limit cycle LC. The arm SA of the unstable
manifold now winds toward this limit cycle, while SN, SD, and
SB remain practically the same, Figure 5b. As «, grows, the
limit cycle also grows and approaches the saddle and SC. At
a, = oy = 0.029483885486 a homoclinic loop is observed: SA4
and SC coincide, and the limit cycle is lost in an infinite-period
bifurcation, Figure 5c. After &, = «;, the whole phase plane has
only one attractor, the node SIV. The stable manifold SNV is now
inside the unstable manifold loop SA(SN)BS, Figures 5d and
5e, and goes to the unstable focus UF. The cusp at SN is quite
characteristic, and so is the behavior of SA: it stays close to SC
until a certain point, when it gets attracted to the weak attract-
ing eigendirection (SNV)E of the stable steady state. This is also
a nice case to illustrate the global iteration procedure described
in the previous section. The results of iterating a whole loop of
initial conditions are shown in Figure 5f for o, = 0.0294838
when we have an unstable manifold loop SA(SN)BS. Because
of the cusp at SNV, the loop in Figure 5f was parameterized with
percent total arclength.

Description of the algorithm

We have simplified our implementation of this algorithm so
that its structure becomes more apparent and so that one thing is
solved for at a time.

1. We guess a value o} for the parameter value o, at which
the homoclinic loop occurs. For this o’ we locate the saddle
point coordinates (6,,, 65) saddle at a$".

2. We construct a point C on the stable manifold and a point
A on the unstable manifold of the saddle S, Figure 5. Several
degrees of approximation in the construction of the manifolds
are possible. In the simplest case, we compute the normalized
eigenvectors of the Jacobian at the saddle point, and choose
points that lie at an arbitrary (but constant throughout the main
iteration) distance away from the saddle. We have thus elimi-
nated the “infinite time” parts of the problem.

3. In order to find a trajectory that connects 4 with C we use a
double-shooting algorithm. We choose a Poincare section (say
the line 6, = 60,,). We shoot from 4 forward in time until we
reach the point 4’ for which 8, = 6. This requires a Newton
iteration (one equation with one unknown) that yields the time
T, needed to go from A4 to 4’. We also shoot backward in time
from C until we reach the point C’ for which 6, = 6, ,. This is
again a Newton iteration that yields one unknown (—T5).

4. When the distance 87 — 8§ is zero, we have constructed an
approximation to the homoclinic loop. The equation

0:(0‘2) - 9%(“2) =0 &)
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is a function of only one unknown, the parameter «,, and can be
solved through a Newton iteration to give finally, after conver-
gence, a, . It is important to notice that the chain rule will be
applied several times in order to obtain the derivatives with
respect to a, above.

5. The algorithm does indeed converge quadratically to a,,,
and due to its segmentation is easier to implement and check
than the invariant curve algorithm. The double shooting helps in
the case of a, trial values for which it is impossible to construct
an equation like Eq. 5 with simple shooting.

Heteroclinic Saddle Connections

We so far have described the computation of saddle connec-
tions for two-dimensional dissipative systems. Quite often, how-
ever, heteroclinic orbits are observed in dynamical systems: the
unstable manifold of a saddle steady state coincides with the sta-
ble manifold of another (hetero-), not the same (homoclinic)
saddle point. Both the rationale and the algorithms described
above remain essentially the same in this case. Here is an exam-
ple of this phenomenon; another example can be found in Pis-
men (1986).

Nonlinear eigenvalue problem

Let u = u(x, t) represent the appropriately scaled density of
an ideal gas flowing isentropically in a homogeneous d-dimen-
sional porous medium. Then, according to classical theory
(Muskat, 1937) the evolution of u is governed by the equation

dulx, t)/dt = A(u™) (6)

where A represents the d-dimensional Laplace operator and m is
a constant that satisfies m > 1. Equation 6 is a nonlinear para-
bolic equation that is degenerate in a neighborhood of any
point where u = 0. In the linear diffusion case (m = 1) it is well
known that there is an infinite speed of propagation of distur-
bances from rest. Perhaps the most striking manifestation of the
nonlinear degeneracy in Eq. 6 is the finiteness of this speed.
Thus, if the gas is initially confined to a bounded subregion of an
infinite medium, then the part of the medium occupied by gas
will remain bounded for all finite times (although it will ulti-
mately expand). In these circumstances, the moving gas front is
an object of particular interest.

Consider a radially symmetric flow with the gas initially
occupying the exterior of a sphere centered at the origin. As time
increases, the gas flows into the sphere and completely fills it at
some finite time 7. J. Graveleau has proposed a self-similar
solution to this problem that has particular theoretical interest.
Specifically, we look for a radially symmetric solution of the
type u = u(|x|, 1) € R?x R~ withu(lx|,0) = |x|>~*(Aron-
son, 1986) for some o & [1, 2). Assuming that u(|x|,t) =
—(r*/t) ¢(x) with 5 = |x|~t, substituting in Eq. 6 with condi-
tions ¢(0) = 0, ¢'(0) = 1, we obtain a second-order ODE. By
further setting 7 = —e~¢ and introducing the variable  such
that dv/d§ = 1/¥(£) we arrive at the system of ODE’s

dé/dt = (ha®) ¥ + (pa?) 0 — (k/2%) ¥
~[(b+d)/a]lyb -6’ M

dyjdt =8y
The problem of finding Graveleau’s solution can be reduced
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to the problem of finding a heteroclinic orbit for the system of
Eqs. 7. This system has three steady states: the saddles (0, 0)
and (0, '5?), and the point (0, 1/k). The details of the problem
and the derivation are given by Muskat (1937) and Aronson
(1986). The purpose of this example is to illustrate the computa-
tion of a heteroclinic saddle connection and to show the applica-
bility of the methods so far described in an apparently unrelated
problem.

Aronson scenario

Let us consider what happens for m = 3 and d = 2 as a is
varied. Initially—a = 0.8, Figure 6a—the nonsaddle steady
state is an unstable focus. One arm of the stable manifold of the
saddle S (0, 0) coincides with the § axis and with the arm S’C’ of
the nontrivial saddle S’. We know from the corresponding boun-
dary condition the direction of the stable manifold SC of the
trivial saddle S (it has always slope —1). SC gets attracted to
the unstable focus UF backward in time. The unstable manifold
S’ A’ of S” extends to infinity.

As a varies, the unstable focus undergoes a Hopf bifurcation,
changing to a stable focus and giving birth to an unstable limit
cycle LC, Figure 6b, « = 1.1. The behavior of the manifolds
S’A’' and SC remains the same: SC is now attracted to the
unstable limit cycle in negative time. At & = 1.2557502 the
heteroclinic saddle connection occurs: S’A4’ coincides with SC,
while the limit cycle is replaced by the heteroclinic loop
SS’A'CS, Figure 6¢. The value a;, = 1.2557502 is the solution to
our nonlinear eigenproblem. For & > «; the situation changes:
S’A’ gets attracted by the stable steady state, while SC extends
to infinity, Figure 6d.

05

A,
S
.5 8 1

sl

000}

Figure 6. (a)~(d) Heteroclinic loop derived in the context
of gas flow in a porous medium.
(o) llustration of the double-shooting algo-
rithm.
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The algorithm described for the trajectory method above is
very easily modified to find «,. We normally should (but need
not) iterate for the saddles S and S’, which we know explicitly.
Hence we can explicitly construct points 4°, C that lie on the
approximate unstable and stable manifolds of S* and S, respec-
tively. We again do a double shooting, forward in time from 4’
and backward from C. With a simple Newton iteration we find
the times that it takes for the trajectories to reach some conve-
nient Poincare section, say # = 0, Figure 6e. The distance
¥(A4) — ¥(CY) = d(a) = 0 gives us the equation to be solved
for a),. Similar conceptually simple modifications can be applied
to our first algorithm: we would solve for an invariant arc start-
ing on S’(«) and ending on C. We tested our algorithms in this
case against the analytically obtainable m = d = o, = 1. Even
with a simple manifold construction (a point on the eigenvector)
we could easily obtain quadratic convergence and an error of
0.4 x 10~° from the actual homoclinic parameter value.

Andronov-Leontovic Case 1l
Description

One more possibility of an infinite-period bifurcation (a death
of a limit cycle branch) is possible for two-dimensional systems:
the appearance of a steady state of the saddle-node type on the
limit cycle (sometimes referred to as saddle-node-infinite-peri-
od, or SNIPER, bifurcation). Such a sequence is shown sche-
matically in Figure 7. Initially a stable limit cycle surrounds an
unstable steady state, Figure 7. Then, as we change some control
parameter a saddle node appears on the loop at o = o, Figure
7b. The saddle node is a marginally stable steady state with one
eigenvalue equal to zero and one other than zero. In this case,
the loop tends to the saddle node SSN both for t — 4+ and
t — —co. As the parameter moves beyond «,,, the saddle S and
the stable node SN separate, Figure 7c. The integrity of the loop
remains intact however. It is again formed by the two arms of

1
7d
Va
-1
- G "
SSN; 7e
A/
vz
LOOP
L -1

-1 Uz - 1
Figure 7. (a)-(c) A saddie-node infinite-period bifurca-
tion.

(d)—(f) Its realization in a problem of coupled
oscillators.
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the unstable manifold of the saddle S4 and SB and the stable
node SN. The difference is that SB and SA tend to opposite
sides of the weak stable eigendirection of the node SN (the one
that corresponds to the absolutely smaller negative eigenvalue),
not to the same side as in case I, which was examined in previous
sections. The saddle stable manifold does not now separate the
basins of attraction of different attractors (hence the term “vir-
tual” as opposed to “actual” separatrix; Abraham and Shaw,
1985).

This sequence is remarkably similar to frequency locking on a
torus, a phenomenon we will examine in part II, below. It shares
several common characteristics with case I, and the numerical
search for it is straightforward. The invariant circle algorithm
needs no modification for this case. It easily converges on the
closed loop, either before o, (on the limit cycle) or after o,
[when it finds the “object” SA(SN)BS]. The difficulty due to
the globality of the bifurcation is essentially nonexistent in this
case: the saddle node can be computed and analyzed as a local
phenomenon. If we know that our model has generically this
type of behavior, we find the parameter value o, from the turn-
ing point saddle-node bifurcation, independently from the entire
loop. A very interesting system in which this sequence occurs is
the case of two linearly coupled oscillators.

Coupled oscillators

The dynamics of coupled oscillators are important in several
fields of science and engineering. Aronson et al. (1987) and
Othmer et al. (1986) studied the model problem of two linearly
coupled oscillators described by

dx,/dt = ax, + by, — x,(x} + yD) + 8(x, — x))

+8(y2— W)
dy/dt = —bx, + ay, — y,(x} + yD + 8(x; — x)
+8(y2 — »1)
dx,/dt = ax; + by, — (X3 + p3) + 8(x1 — X))
+8(n — )
dy,/dt = —bxy + ay, — (x5 + y3) + 8(x; — x3)
+ 8y —») ()

If we make the change of coordinates

u = (x; + x2)/2, v = +3)/2

u; = (x; — x)/2, v, = (1 — y)/2 )

we find that when «, = v, = 0 we have

(@ — 28) u, + (b — 28) v, — uy (143 + v3)
—(b+ 28) u; + (@ — 28) v, — vy(us + v3) (10)

U

I

%)

Suppose that 2 = 1 and b = 0.3. For 0 < & < 0.15 the system of
Egs. 10 has a stable limit cycle surrounding an unstable steady
state, Figure 7d. At 8 = 0.15 two saddle nodes appear on the
closed loop, Figure 7e. The loop now consists of two steady states
and two heteroclinic orbits connecting them. For 0.15 < § <
0.2725 the saddles and the nodes move apart, but the integrity of
the closed loop is conserved. It now consists of four steady states
and the heteroclinic orbits connecting them, Figure 7f. This
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loop, as well as the steady states on it, happen to be obtainable in
closed form for this problem.

. Generation of Multifrequency Oscillations

Introduction

The phenomena described in part I above are particular to
systems with two degrees of freedom, due to the fact that trajec-
tories of ordinary differential equations do not cross each other
(Arnol’d, 1973). New possibilities of interesting behavior arise
as more equations and more dimensions become necessary in
order to describe the dynamics of a given system. On the other
hand, the difficulty of visualizing trajectories and trends in
higher dimensional systems becomes increasingly prohibitive. In
this part we study some aspects of the dynamics of higher (at
least three-) dimensional systems that involve global bifurca-
tions. For simplicity in the computations we will not consider an
autonomous system with three coupled equations of change (like
the CSTR with two consecutive reactions; Jorgensen et al.,
1984); we will instead consider a two-dimensional system (two
nonlinear coupled equations) with periodic forcing, which has
effectively the same number of variables as the three-dimen-
sional autonomous case.

A convenient way of producing two-dimensional plots of tra-
jectories that lie in a three-dimensional space is to project them
on the x — y, ¥ — z, or x — z planes. An alternative method,
which has been extensively used as a tool in the theory of dynam-
ical systems, is to use Poincaré sections. These are obtained by
means of choosing some two-dimensional surface II that inter-
sects (transversally) the system trajectories and, instead of
recording a trajectory continuously in time, by recording the
sequence of points obtained every time this trajectory crosses the
surface II. By associating each such intersection point with the
next one in the sequence we create a map of the surface II to
itself, the Poincaré map associated with II. Naturally, the “time
of flight” of the trajectory between successive intersections var-
ies. For a periodically forced system however, there exists a nat-
ural choice for II, given by

Phase ¢ = wt mod 2= of the forcing term = constant  (11)

for which the time between consecutive intersections is constant,
known a priori, and equal to the period of the forcing 7. This
special case of a Poincaré map is called the stroboscopic map.
Entrained periodic trajectories having the same period as the
forcing (called period 1 solutions) appear stroboscopically as
fixed points of this map. Periodic trajectories whose period is #
times the period of the forcing (period » solutions) appear as n
distinet (periodic) points of the map. Finally, quasiperiodic tra-
jectories characterized by two frequencies whose ratio is not a
rational number (incommensurate frequencies), appear strobo-
scopically as closed curves (called invariant circles) of the map.
Instead of changes being effected continuously forward or back-
ward in time, we observe discrete jumps of the phase point
effected by iterating the stroboscopic map (Kai and Tomita,
1979; Kevrekidis et al., 1984, 1986a; Tomita, 1982).

The stability of a periodic solution of the system of equations
(a fixed or periodic point of the map) is determined by the
linearization of the map around this fixed point. The eigenvalues
of this linearization are, in effect, the characteristic (Floquet)
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multipliers of the limit cycle on which the point lies (Iooss and
Joseph, 1980). The oscillation is stable if these eigenvalues lie
within the unit circle in the complex plane, that is, if they have
absolute values smaller than unity. A saddle point of the map
(lying on a saddle-type oscillatory trajectory) will be character-
ized by two eigenvalues, A, (|A| < 1) and A, (|2, > 1). Global
bifurcations in such systems involve interaction of the invariant
manifolds (Hirsch et al., 1977; Guckenheimer and Holmes,
1983 of the saddle-type points =. These invariant stable and
unstable manifolds, W*(Z) and W*(Z), respectively, are defined
for saddle-type oscillations or fixed points in a conceptually sim-
ilar fashion with the manifolds of saddle-type steady states in
part L. A significant difference is that now these manifolds are
surfaces in three-dimensional space, consisting of families of
trajectories. When we look at the system stroboscopically on the
plane II: {x, y, z = const} the oscillation reduces to the saddie
point Z, the intersection of the limit cycle with IT. The stable and
unstable manifolds of the oscillation will intersect the plane II
along curves. These curves are then the corresponding stable
and unstable manifolds of the saddle fixed point of the strobo-
scopic map. Restricting our observation on the plane II, we
obtain the eigenvectors of the linearization of the stroboscopic
map around the fixed point =. Then, according to the stable and
unstable manifold theorems for maps (Guckenheimer and
Holmes, 1983; Hirsch et al., 1977) the curves W*and W*in the
vicinity of £ will be tangent to the eigenvectors corresponding to
N (N < 1) and A, ([Az] > 1), respectively.

There exists a crucial difference between the dynamics of this
map of the plane (and the underlying three-dimensional system)
and the dynamics of a two-dimensional system on the plane. Ina
two-dimensional system (Andronov et al., 1971) an entire arm
of the unstable manifold of a saddle-type state is in essence one
trajectory. Knowing one point on it will give us all other points
on it by integrating forward and backward in time. For the stro-
boscopic map, the same branch of the manifold of the saddle
point = consists of an infinity (a one-parameter family) of tra-
jectories. The method of averaging (Krylov and Bogoliubov,
1947), a very powerful tool in both theoretical and applied anal-
ysis of such systems, tries to simulate the dynamics of the map
by a set of ODE’s on II (Greenspan and Holmes, 1984).

Our example throughout this part of the paper will be a forced
Brusselator, a homogeneous autocatalytic scheme

dx/dt = A+ x*y — Bx — x + acos (w?)

dy/dt = Bx — x*y (12)

At zero forcing amplitude (a = 0) the autonomous system has
a stable limit cycle with frequency wy (A = 0.4, B = 1.2). Tomita
and coworkers (Kai and Tomita, 1979; Tomita 1982; and refer-
ences therein) as well as Lin and coworkers (Hao and Zhang,
1982; Hao et al., 1983), and recently the author and coworkers
(Kevrekidis et al., 1986a; Aronson et al., 1986) have studied the
interaction of the natural oscillation with the external forcing in
terms of what we call excitation diagrams. These are two-
parameter diagrams describing the qualitative behavior of the
system as a function of the forcing amplitude « and the forcing
frequency w (more appropriately the ratio w/w). We examine
here global phenomena that cause the creation or annihilation of
quasiperiodic (multifrequency) oscillatory responses. Such phe-
nomena are by no means particular to our trial system. We have
observed them also in test cases including a simple surface reac-
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tion scheme (Kevrekidis et al., 1986a) as well as the forced
CSTR (Kevrekidis et al., 1986b), and we expect them to be
present in a large class of forced oscillatory and three-dimen-
sional autonomous systems and maps. The current example,
however, is the one that provided the most representative illus-
trations, while the computational work was easier, the equations
not being stiff.

Simple Frequency Locking on a Torus

Frequency locking (entrainment) is an important nonlinear
phenomenon in the study of forced oscillators. When it occurs,
the system develops periodic responses whose periods are exact
integer multiples of the period of the forcing; we say that the
forcing has entrained the system (Hayashi, 1964; Minorsky,
1962). We study the forced Brusselator at o = 0.0005 as w/w, is
varied. At w/w, = 0.988 the system has a stable quasiperiodic
solution that winds around a toroidal (doughnut-shaped) sur-
face in phase space. Viewed stroboscopically, this appears as an
attracting closed curve—an invariant circle /C, Figure 8a. The
phase point hops along this curve discontinuously in a clockwise
fashion without ever returning to the same point precisely. In the
interior of this closed curve lies an unstable focus U® fixed
point, representing an unstable oscillation with the same period
as the forcing term. Computationally, the invariant circle can be
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Figure 8. Stroboscopic sections illustrating frequency
locking on a torus.
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found by solving a nonlinear functional equation (Kevrekidis et
al., 1985). At w/w, = 0.98910245 the quasiperiodic solution
suddenly disappears. A fixed point ZSN appears on the invar-
iant circle (representing an oscillation on the torus). This is a
saddle-node point, and at the moment it appears it is marginally
stable (A, = 1, A, < 1). For larger values of w/w, the saddle 2
and the node SN move apart on the circle, Figure 8¢, which
retains its integrity and its smoothness. It now consists of the two
arms, ZA4 and ZB, of the unstable manifold of the saddle Z with
the stable node SN.

This phenomenon, involving the loss of a quasiperiodic oscil-
lation is of course a global phenomenon. Not only the emerging
periodic oscillations (£ and SN) but also the invariant mani-
folds—(ESN) A and (ESN)B of the saddle node ZSN in Figure
8b, and £A4 and B of the saddle Z in Figure 8c—are involved in
the annihilation of the multifrequency response. The loop
ZA(SN)BX characterizes the “globality” of the phenomenon,
since it is not confined near the fixed points T and SN, but trav-
els far away from them in phase space. Even though the phe-
nomenon is global, it is possible to find it by local methods. The
onset of this behavior involves a saddle-node bifurcation, and we
can compute this saddle node independently of the entire loop.
This is obtained by appending the equation

M(w/wy) —1=0 (13)

to an algorithm for finding periodic orbits. We thus find the par-
ticular value of the parameter w/w, for which this condition is
satisfied (Kevrekidis et al., 1986b). It is of course significant
that we know (a priori, through simulations, through perturba-
tion techniques) that our system exhibits frequency locking,
since not every saddle-node bifurcation will produce (or destroy)
a quasiperiodic response. A case in which this does not happen is
illustrated later.

This phenomenon is very similar to the Andronov-Leontovic
case 11 presented in part I, where a limit cycle was destroyed by
the appearance of a saddle-node steady state on it. In that case,
the unstable manifold branches of the saddle steady state that
destroyed the limit cycle were simple trajectories, not families of
trajectories. For the sake of completeness, we add that as w/w,
varies further, the saddle 2 and the node SN move further apart,
and the counterclockwise arm 2 B of the unstable manifold of =
grows at the expense of the clockwise arm . A4-Figure 8d. When
2 and SN meet again in another saddle node bifurcation at
w/wy = 1.01203499 they annihilate each other, and we are left
with a quasiperiodic oscillation winding around the torus sur-
face (the phase point now moves in a counterclockwise fashion
on the invariant circle). We conclude that this mechanism of
formation (and loss) of quasiperiodic attractors, although a
global phenomenon, can be found through algorithms utilizing
local information.

Period 1: Homoclinic Tangencies and Crossings

In a different set of numerical experiments we set « = 0.0055
and vary the forcing frequency around w/wy = 0.9. Initially the
system has a smooth, globally attracting invariant circle IC (an
attracting torus) surrounding an unstable focus periodic point
U®. This point lies on an unstable oscillation that has the same
period as the forcing, and its two free characteristic multipliers
are complex conjugate and have norm greater than 1 (a complex
source, Figure 9a, w/wy = 0.905, A, = 0.72399 + 1.013794 i,
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Figure 8. Stroboscopic phase planes taken as forcing

frequency w of a forced Brusselator is varied.
(b) shows two coexisting attractors, one periodic, one quasiperiodic

where |A;,] = 1.24577). At w/w, = 0.906734776, however, a
saddle node appears outside the invariant circle, and as w/w,
changes further the saddle £ moves away from the stable node
SN, Figure 9b. This means that stable periodic (S/V) and stable
quasiperiodic (7/C) oscillations coexist for these parameter val-
ues. Figure 9b also provides us with a good example of a saddle-
node bifurcation of periodic solutions that does not involve
destruction of the quasiperiodic orbit. The two branches =.4 and
2B of the unstable manifold W*(Z) of the saddle point = do not
form a loop. Instead, they become attracted, each by one of the
two existing attractors: 2.4 by the invariant circle and B by the
stable node. The two arms =T" and ZA of the stable manifold
W?(Z) of the saddle point provide the separatrix of the basins of
attraction between the two attractors.

As we change w/w, further, the invariant circle IC grows and
approaches the saddle =, while the arm 2T of the stable mani-
fold hugs IC closer and closer. It is evident that we are
approaching some type of homoclinic breaking of the torus (ho-
moclinic because it involves invariant manifolds of one and the
same saddle point). If we take a coarse step forward in w/wy, we
will find the situation depicted in Figure 9¢ (w/w, = 0.91). ZT
and ZA have crossed, the invariant circle has been destroyed,
only one attractor (the stable node SN) exists, and both
branches 2.4 and Z B of the unstable manifold are attracted toit.
2T now winds around the unstable period 1 (U®) as time (actu-
ally n, the number of iterates of the map) tends to —o. The
sequence of Figures 9a, 9b, and 9¢ is reminiscent of what we
encountered in Figures 1 and 5. The torus in Figure 9b, however,
is not broken by a mechanism similar to an infinite-period bifur-
cation in a two-dimensional system. The difference between
two-dimensional maps and two-dimensional ODE’s (flows)
comes into play. The unstable £A4 and stable ZI" manifolds of
the saddle 2 cannot coincide as happens in the ODE case; the
closest that they can come together is to be quadratically tan-
gent to each other (Newhouse, 1980).

In Figure 10a (w/wy = 0.901805) £A4 and 2T are coming
quite close to each other before ZT" escapes to infinity. The first
visible indication of strange behavior appears in Figure 10b
(w/wg = 0.901815). ZI' develops a small “bump” that becomes
more pronounced. When we come to Figure 10¢ (w/wy, =
0.908151) 2T has developed an infinite sequence of (quadratic)
tangencies to ZA. These tangencies do not start suddenly at E,
they only start becoming visible in the scale of Figure 10c at E.
More can be found by iterating E forward and backward under
the map. E and its iterates are homoclinic points. They belong to
both the stable and the unstable manifold of the saddle. As w/w,
changes further, the manifolds cross each other as the points of
tangency of Figure 10c move upward through A (Figure 10d,
w/wy = 0.908152, and Figure 10e, w/w, = 0.908153). We say
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Figure 10. Stroboscopic phase plane details of transition
from Figure 9B to Figure 9c.

that we have an infinity of transversal intersections between the
stable and unstable manifolds. That erratic behavior, chaos,
infinities of attractors, and Smale horseshoes lie in the vicinity
of such pictures as Figure 10d, and Figure 10e is the subject of a
number of theorems in the theory of dynamical systems
(Newhouse, 1979, 1980; Smale, 1964, 1967). We have not yet
searched in our example for details of such nontrivial dynamics.
Infinities of crossing points exist all along A4 and =T In the
same fashion that 2T becomes erratic by folding and oscillating
vigorously in a direction roughly parallel to AZI' as it
approaches Z, 4 also becomes erratic as it approaches Z from
the 2T side. It also folds and oscillates vigorously in a direction
roughly parallel to AZ B. These folds however lie so close to the
saddle and to AZB that it is not possible to resolve them and still
be able to see the entire loop in the same picture. The folds of ZI'
intersect then again and again with the folds of £4 and the
result is a very complicated structure called appropriately a
homoclinic tangle. Descriptions of tangles and ways of disentan-
gling them can be found in Abraham and Shaw (1985, part III)
and Smale (1964). We reiterate that the saddle manifolds we
observe on the Poincaré plane II are not trajectories, but rather
one-parameter families of trajectories (they actually fill sur-
faces whose intersections with IT constitute 4 and ZT"). A point
such as E and its forward and backward iterates lie on a single
trajectory. This trajectory belongs to both the stable and the
unstable manifold surfaces of the oscillation. The intersection of
the manifold surfaces consists of a trajectory or trajectories that
belong to both surfaces.

As we further vary w/w, we come to Figure 10f (w/w, =
0.9081535). The manifolds have gone completely through each
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other and we now have a homoclinic tangency from the inside.
After this value of w/w, the behavior of the manifolds becomes
normal again. Some remnants of the homoclinic tangle can still
be seen in the winding approach of ZT" toward U® iterated back-
ward in Figure 10g (w/w, = 0.9081540). In Figure 10h (w/w; =
0.91) the situation appears the same as in Figure 9c: the homo-
clinic storm has abated, and the manifolds appear smooth.

It should be evident that any attempt to accurately locate the
parameter values for which the homoclinic tangency occurs is
not an easy task. In fact, Figures 9 and 10 have been obtained by
brute force through simulation, not through fixed point algo-
rithms. The method used to obtain these figures is a modifica-
tion of the code used in Aronson et al. (1982) as follows: The
saddle point Z is found by a Newton-Raphson iteration on a
shooting algorithm for the computation of periodic orbits. An
approximation to the local stable and unstable manifolds is then
constructed, consisting of segments of the eigenvectors of the
linearization of the stroboscopic map around Z. A (large) num-
ber of initial conditions are taken on this manifold segment (we
need an entire family of trajectories) and all these initial condi-
tions are iterated, forward and backward. We thus obtain
approximations to the global unstable and stable manifolds
respectively.

We are currently working on an algorithm that is capable of
converging iteratively on the value of the parameter for which
the homoclinic tangency first occurs (at which point the invar-
iant circle and the torus it represents are lost). It consists of com-
puting a finite initial segment of the stable and unstable mani-
folds, and imposes the condition that these segments are tangent
at some point. It is precisely this boundary condition that will be
satisfied at the homoclinic tangency point, and that will provide
us with the equation to be solved for the corresponding parame-
ter value. The fact that an infinity of tangencies exist along the
entire length of the manifolds is resolved by working with finite
manifold segments and thus concentrating on the first time that
they cross. We will return to this algorithm on another occa-
sion.

Dynamic behavior similar to the type described above is by no
means novel. It is actually quite standard in the study of maps of
the plane, and hence Poincaré maps of three- and higher dimen-
sional ODE’s. The above presentation serves first to complete
the picture described for two-dimensional systems, and gives us
a chance to contrast two- and three-dimensional homoclinicity.
Second, our case study provides a nice illustrative example.
Although the transition from Figure 9b to Figure 9c can easily
be observed in the dynamics of several systems, actually obtain-
ing the sequence of Figure 10a to Figure 10h from a given sys-
tem is practically difficult. In our experience, the folding of the
manifolds becomes so compressed close to the saddle that they
are extremely difficult to see, even if one knows that they are
there. In Figure 10d, for example, all the folds of A4 are so close
to AZ B that even in a tenfold magnification of the figure close to
Z they are not visibly separate from AZB. Nevertheless, obser-
vation of a transition such as the one from Figure 9b to Figure 9¢
necessarily implies that all of the sequence of Figure 10 occurs
in between, whether easily visible or not. One can show that such
phenomena will occur as a torus-breaking mechanism in almost
every periodically forced oscillator, and also in autonomous sys-
tems. In a recent experimental paper the author and his cowork-
ers have discovered this sequence of events in a Rayleigh-Bénard
autonomous convection experiment (Ecke et al., 1987). The
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operating significance of such a complex sequence of events is
clear: it signals the hysteretic coexistence of periodic and quasi-
periodic responses (before the bifurcation). After the bifurca-
tion we have only one attractor, the periodic oscillation SN.
Finally, our example demonstrates how close simple systems are
to complicated temporal behavior (horseshoes, infinity of attrac-
tors, etc.).

For the sake of completeness we add that in the above model,
as we further vary w/w, the procedure reverses itself. A new
homoclinic sequence of tangency-crossing-tangency occurs, =T'
and ZA cross again in the opposite direction, and this now gives
birth to a stable quasiperiodic oscillation (an invariant circle IC,
Figure 10j and enlargement, Figure 10k, w/w, = 0.936). This
circle subsequently shrinks an collapses on U® (which then
becomes stable, S®) in a Hopf bifurcation of a limit cycle to a
torus (Figure 101, w/w, = 0.9375). The latter case is a typical
local bifurcation to a quasiperiodic oscillation, as opposed to its
global birth signalled by the homoclinic tangle that we exam-
ined above. We do not precisely know at what parameter value
the torus stops existing, nor how exactly it loses smoothness as
we approach the onset of the homoclinic tangle. We do know
however that once the homoclinic tangency is observed, the
torus exists no more.

Period 3

The homoclinic scenario just presented provides a nice frame-
work in which to explain certain phenomena observed in the
high forcing amplitude region of an excitation diagram (regions
of strong resonance). In this section we examine transformations
of the stroboscopic phase plane that occur as we change one
operating parameter, the forcing amplitude « or the forcing fre-
quency w/w,. These transformations involve homoclinic mani-
fold interactions. They are crucial in determining the structure
of resonance regions (the limits of entrainment). We choose a
period 3 resonance of the forced Brusselator to illustrate these
phenomena. It is a basic result that for small forcing amplitude
the entrainment region will appear shaped like a wedge with its
tipat w/w, = 3, Figure 11a. The boundaries of the region are loci
of saddle-node bifurcations where the (subharmonic) period 3
points are formed and annihilated. For small « we observe fre-
quency locking on a torus (a global manifold loop) as described
previously. When the operating conditions are chosen at point A4,
Figure 11a, the phase plane exhibits a single attracting invariant
circle. As w/w, varies, at the boundary of the resonance three
saddle nodes appear on the invariant circle and the quasiperiodic
oscillation is lost. They then separate to three saddles Z; (i = 1,
2, 3) and three nodes SN,. The loop now consists of the union of
both arms of the unstable manifolds of all three saddles with the
three nodes. As we cross the resonance region (changing w/w)
the periodic points on the circle rotate, and at the righthand side
boundary we again have a set of three saddle-node bifurcations.
The coupling of the saddles with the nodes however has changed
from Z,SN,, Z,SN,, Z:SN; to Z,SN,, Z,SN,, and Z,8N,, as
shown in the bifurcation diagram, Figure 11c. At some higher
amplitude however, say « = 0.0055, a significant change is
observed. If the operating conditions are chosen at point D, Fig-
ure 11a, we observe gualitatively the same behavior as at point
A: the invariant circle still exists and is attracting. At a point
such as F, however, the subharmonic pericd 3 points have been
born off the invariant circle like satellites, Figure 11d. The qua-
siperiodic response has not been destroyed, but it coexists with a
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Figure 11. (a) Two distinct one-parameter cuts across a
resonance region.
(b) Phase plane for ABC in (a).
(c) Bifurcation diagram showing change from
(b) to (d) in pairing of saddlies and nodes.
(d) Phase plane for DEFGHIJ in (a).

stable period 3 oscillation. The stable manifolds Z,I'; and Z,A; of
the saddles I, constitute the separatrices between the regions of
attraction of the three stable period 3 points (that represent a
period 3 oscillation) and the invariant circle (representing a
quasiperiodic oscillation, Figure 12a). The two issues we address
are:

1. The change in the saddle-node pairing between points E
and I in Figure 11a: Does the invariant circle (and the underly-
ing quasiperiodic oscillation) persist along the entire semgent
DJ?

2. The feasibility of a smooth, continuous change of the phase
plane from Figure 12a to a global manifold loop (a frequency-
locked torus) in Figure 11b. In other words, how all six periodic

Figure 12. Stroboscopic phase planes at different points

of Figure 11a.

(a) F, Figure 11a; (b) G, Figure 11a; (c) H, Figure 11a; (d) B,
Figure 112

Note destruction and reformation of a torus in (a)~(b)—(c) transi-
tion
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points off the circle in Figure 12a can get on the circle in Figure
11b while simultaneously destroying the quasiperiodic oscilla-
tion.

Exchanging partners

We describe the changes occurring through the path
DEFGHI1J, Figure 11a. At F the invariant circle has the same
rotation orientation as at D. The saddles Z; and the nodes SNV,
were born in pairs at point E (w/w, = 2.92015618). Soon after £
the stable periodic points SNV, change from nodes to foci S&;
(their characteristic multipliers become complex conjugate, but
with norm less than 1). This does not cause any change in the
phase plane, although its qualitative importance will be made
apparent later. The unstable manifold arms 2,4; are attracted
by the stable foci S®;, while the branches Z,B; are attracted to
the invariant circle IC, Figure 12a. Changing w/w, causes the
invariant circle to grow and brings it close to the branches Z;A,
of the stable manifolds of the saddles. Then, through a sequence
of homoclinic tangency-crossing-tangency, the branches Z;A,
cross the corresponding branches Z,_,B;_, (theindicesi =1, 2,3
are taken cyclically) and the invariant circle is lost (along with
the underlying quasiperiodic oscillation). We call this procedure
homoclinic, not heteroclinic, because all the saddles Z; lie on the
same period 3 oscillatory trajectory of the full system, and the
manifolds themselves are cyclic stroboscopic images of each oth-
er. That is, if £¥(S) is the ith stroboscopic iterate of a point S,
then

24y = f(34y) = D241 = £ O(2:4)) (14)

Had we considered the third iterate of the map, however, each
of the periodic points would become an individual fixed point,
and the crossings could be considered heteroclinic. This means
that the sequence of pictures we observe here will be qualita-
tively the same in the case of heteroclinic crossings.

The picture now has changed to Figure 12b. The stable mani-
folds A, are attracted backward by the unstable focus U® now
that the invariant circle is broken. Observe that the unstable
manifold arms Z;B; are now attracted to the next (cyclically)
attracting point S®,, ,. This is one-half of the step necessary for
the saddles and nodes to exchange partners between E and I.
The next step must detach the =, 4, from the old attractors S&;,
and in the process somehow reinstate the invariant circle. This
can be seen in the sequence of Figures 12a, 12b, and 12¢. The
homoclinic scenario is slightly modified: the X, 4, branches now
cross the Z,_ T, (the indices are always taken cyclically) and
the result is shown in Figure 12c. Both sides of the stable mani-
folds ZT" and ZA of the saddles 2 now go to the unstable focus
period 1 U® inside the torus. The invariant circle (and hence the
quasiperiodic oscillation) has been reinstated, but now it sur-
rounds the periodic solutions. Every initial condition on the stro-
boscopic phase plane eventually gets attracted to the invariant
circle, except for the interiors of the three clover leaves formed
by the Z,I'; and Z,A, that constitute the basins of attraction of the
stable oscillation S®;. The exchange of partners from =, — S&;
to 2, — S®,,, has been accomplished in these two steps, and the
invariant circle has been destroyed and reformed (with different
rotation orientation) in the process.

Soon afterward, the stable foci become stable nodes again,
approach the saddles, and annihilate them in a new saddle-node
bifurcation that marks the righthand-side boundary of the
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entrainment region and leaves us with an invariant circle as the
only attractor on the Poincaré plane 11.

Changing sides

We now examine the transition from a phase plane picture
like Figure 12a (point F in Figure 11a) to a frequency-locked
picture like Figure 11b (point B in Figure 11a). In other words,
we examine the transitions that bring the entrained subhar-
monic solutions onto the invariant circle when they are created
off it. In this process a quasiperiodic oscillation is destroyed in a
way that differs from simple frequency locking. Understanding
this is greatly facilitated by our previous discussion. Consider
the path FGB in Figure 11a. The invariant circle breaks in the
process of a homoclinic bifurcation and we obtain Figure 12b.
The loop Z,(S®,)Z,(SP,)Z;(S®,)Z; has essentially the same
structure as the smooth circle in Figure 11b. The only difference
is that the latter loop is smooth, while the former has infinite
spirals at the three focus points S&,. The only change necessary
to go from one loop to another is to change the foci S® to nodes
SN along the line GB, a process that does not involve any loss of
stability. The unstable manifold arms 2,4, approach the node
SN;_, tangent to one side of its “weak” eigendirection (the
eigenvector corresponding to the largest eigenvalue of the
linearization), while the unstable manifold arm Z,_;B;_, of the
next saddle will approach SN;_, from the other side of its weak
stable eigendirection, thus restoring the smoothness of the invar-
iant circle.

Discussion and Conclusions

In this paper we have studied certain aspects of the numerical
computation of global bifurcations. In part I we discussed infi-
nite-period bifurcations in systems with two degrees of freedom.
We presented two algorithms developed for this purpose. The
first, the invariant curve method, is a special case of invariant
manifold computation applied to the two-dimensional infinite-
period bifurcation scenario. The second is our double-shooting
implementation of Hassard’s algorithm. We have illustrated
both algorithms using several simple systems of chemical engi-
neering interest. As Keener (1981) succintly discusses, these
phenomena are to be expected in systems with S-shaped steady
solution diagrams for which Hopf bifurcations are possible; in
other words, in systems that may possess steady states with a
double zero eigenvalue (Bogdanov, 1975; Guckenheimer and
Holmes, 1983). A nice experimental observation of such a point
as well as of the infinite-period oscillations close to it for an elec-
trochemical system can be found in Pismen and Lev (1986).
Close to such a point, analytical techniques can be used to com-
pute the infinite-period bifurcation. Our intention was to present
numerical methods applicable even away from such special
points in parameter space, adaptable easily enough (at least con-
ceptually) to the computation of heteroclinic orbits and saddle-
node separatrices. Such techniques are also applicable as auxil-
iary tools in the study of higher dimensional systems through the
method of averaging (Greenspan and Holmes, 1984) to calcu-
late the limits of validity of the averaging approximation.

For the sake of completeness, we mention the way E. J.
Doedel has implemented the detection of an infinite period
bifurcation in his package AUTO (Doedel, 1981). In the contin-
uation of limit cycle branches, the period T of the limit cycle is
explicitly solved for and used to normalize the solution from 0 to
1 instead of from O to 7. The period also contributes to the norm
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of the solution used in the bifurcation diagrams. AUTO detects
an infinite-period bifurcation essentially when the period be-
comes very large. Its power lies in that due to the adaptive dis-
cretization it can calculate accurate limit cycles even when the
period T is very large (when other methods would produce spu-
rious solutions or fail to converge) and thus approximate the
homoclinic point better. In essence, AUTO does not find homo-
clinic orbits, but can approximate them adequately for some
purposes.

In part II we examined global bifurcations commonly ob-
served in systems described by both autonomous (at least three)
and periodically forced (at least two) nonlinear coupled ordi-
nary differential equations. In particular, we concentrated on
such phenomena as involve the creation and annihilation of mul-
tifrequency responses. We found that this type of transition
often involves hetero- and homoclinic (global) manifold interac-
tions and tangles, along with the erratic behavior they imply.
We have observed such phenomena in several trial systems. Fur-
thermore, we expect them to be present in the dynamics of large
classes of systems, both physical and chemical, that involve reso-
nances, particularly in periodically forced systems. We find it
bewildering that such complicated phenomena appear common-
place in the dynamics of simple systems. We believe that this
ubiquitousness justifies their study and, more concretely, the
development of algorithms for their accurate numerical compu-
tation. We have described the foundations of an algorithm for
the computation of homoclinic tangencies; this is the focal point
of our current research. We believe that such algorithms—spe-
cial cases of which have started appearing in the literature (Tel,
1983)-—will be important in the study and modeling of chemical
dynamics, and more generally of dynamical systems, since the
phenomena they address are quite difficult and often impossible
to locate and unravel just through simulations. In fact, such phe-
nomena are usually studied in the literature only for systems
whose trajectories can be explicitly found or approximated.

Through our trial example we presented some features of the
qualitative structure of resonance regions and their boundaries.
The work of Aronson et al. (1982) shows an entire spectrum of
such features involving global manifold interactions for maps.
We have been working jointly with them (Aronson et al., 1986a)
on the numerical study and classification of such phenomena
that are common to maps and to Poincaré sections of ordinary
differential equations. We also discussed the apparent similari-
ties and highlighted the differences of related phenomena in the
case of two-dimensional ODE’s and two-dimensional Poincare
sections of three-dimensional systems.

This paper has been extensively descriptive in an attempt to
provide the uninitiated with enough diagrams to understand the
raison d’etre of the algorithms, grasp their underlying princi-
ples, and appreciate the importance as well as the ubiquitous-
ness of the phenomena. We hope that we have also furnished the
chemical dynamics researcher with useful tools for the numer-
ical study of these phenomena. We believe that numerical tech-
niques like the invariant curve method with appropriate addi-
tional conditions can be extended to the study of homoclinicity
and heteroclinicity in higher dimensional systems. We are cur-
rently working on such extensions as well as on connecting our
numerical results with analytical work close to points with a
double zero eigenvalue and with Mel’nikov methods. We also
think that recent efforts (Abraham and Shaw, 1985) to provide
visual instructional material describing such dynamics are very
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helpful in guiding the nonmathematician scientist toward un-
derstanding their phenomenological structure.

We believe that knowledge of the detailed structure of global
phenomena is necessary in order to pose them as numerical
problems for which algorithms can be constructed. This will
enhance our understanding of the phenomena and their implica-
tions in chemical dynamics and our capability of designing
experiments in order to probe the resulting behavior; and it will
eventually make us capable of routinely analyzing the dynamics
of case studies of interest.
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Notation

A, B, a, b, y,, k = parameters
IC = invariant circle (Poincaré section of a torus)
LC = limit cycle
SN (SF) = stable node (focus) steady state
SN (S®) = stable node (focus) oscillatory solution
§ = saddle-type steady state
S§A, SB = unstable manifold branches of saddle steady state
SC, SD = stable manifold branches of saddle steady state
t, T = time
UN (UF) = unstable node (focus) steady state
UN (U®) = unstable node (focus) oscillatory solution
W(-) = invariant manifold of saddle-type steady state or
limit cycle
X, ¥s Xi5 Vi, Wi, U; = variables

Greek letters

a, 8,7, 8 = parameters
§ = residence time; submonolayer coverage
A = eigenvalues of linearization (Floquet multipliers for
limit cycles)
I1 = stroboscopic section
¥ = saddle-type limit cycle
3 A, TB = unstable manifold branches of saddle limit cycle
3T, A = stable manifold branches of saddie limit cycle
w(wg) = forcing (natural) frequency

Subscript

h = homoclinic

Superscripts

s = stable (manifold)
u = unstable (manifold)
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